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Individual Variables in Capillarity

Abstract A novel type of surface
variable, so-called individual quan-
tities, has been introduced on the
basis of dimensional analysis and the
law of similarity. The parameters
can be determined at least in one
way. To make the parameters avail-
able, the algebraic uncertainty
inherent in the individual represen-
tation (e.g. in Young’s equation) can
be eliminated. Thus, when this ap-
proach is applied, the surface tension
of the solid surface can be deter-
mined easily.
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Introduction

Capillary effects at interfaces, e.g., relating to the spatial
extent of interfaces in heterogeneous systems, can be
more or less interpreted to a certain degree in terms of
traditional capillary theories [1, 2, 3, 4, 5, 6, 7, 8, 9, 10,
11, 12, 13, 14, 15, 16]. However, a common defect of
these approaches is that they provide no general indi-
cation about how to determine the fundamental quan-
tities, e.g. the surface tension of the solid surface. In
special cases, these quantities can be estimated [17], but
there is no exact way available to measure them. For
arbitrary ad hoc conditions, therefore, their validity may
be basically questionable.

Capillary effects do not constitute a distinct type of
thermostatic interaction. The quantities related to the
surface area can be interpreted on the basis of the theory
of deformation. The four-variable Young equation de-
scribes the adjustment of the phases in the state of
equilibrium. Although this formula contains both the
surface tensions and the contact angle, the exact value of
the surface tension of the solid phase cannot be derived

from this single equation. As no further theoretical
relationship exists, the indeterminacy cannot be lifted,
even theoretically, within the domain of capillary vari-
ables [18, 19, 20, 21, 22, 23, 24, 25, 26, 27, 28, 29]. The
algebraic indeterminacy of the defining quantities casts
doubt on the heuristic strength of the hypothetical
interpretations.

A novel type of surface variable, so-called individual
quantities, has been introduced, based on dimensional
analysis and the law of similarity [30, 31, 32, 33, 34, 35].
A new, extended representation of capillary theory has
thus been developed [36, 37]. This approach also pro-
vides a general method for determining the surface
tension of solid surfaces.

The surface tension and the Curie equation

The physical quantities concerning the spatial elements
of a heterogeneous system (e.g. volume domains, faces,
edges, etc.) can be interpreted exclusively on the basis of
deformation theory.
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The canonical elastic potential of a system, E,;, con-
tains the stress and deformation tensors, p and &,
respectively. However, the characteristic func-
tion—considering the dynamic behaviour of the cor-
puscular structure—can also be expressed in an
alternative form using non-canonical variables. The
criterion for mechanical equilibrium can be expressed
through the kinetic stress tensor, P:
Divp=DivP+f =0 (1)

The ponderomotive (acceleration) forces corre-
sponding to the tensor p are compensated at each point
of the system, but the conservative internal forces
f—unhke those of the surface—disappear only in the
bulk phase. The potential u(Q), corresponding to the
internal force f(Q) at the point Q in the layer, can be
described by a continuous and strictly monotonic func-
tion:

f = —gradu

Various geometrical surfaces may be assigned to each
interfacial layer. For instance, in the case of a solid
surface (S) covered by a fluid layer (L) of finite thickness,
we can take into account the interfaces between layer
and bulk phases, simply or multiply connected phase
boundaries, etc. These surfaces can be considered as
Stefan-type equipotential dividing surfaces situated at
various distances parallel to the enveloped surface.
Thus, the surfaces, equivalently to the potential, can be
characterized by the following function:

Pr(Q) — Py(Q) = u(0) — u(Qpy) = Se.y(0) (2)

Se,p(Q) is the so-called Stefan quantity and Py and Py
are the length of tangential projection of the kinetic
stress tensor P in the given surface. The interfacial
layer s, of the phases {¢,)/} can be divided into two
neighboring regions by a Stefan surface passing
through the inner point Q. The volume of these regions
may be different, depending on the position of Q.
However, as the thickness 7 is very small, the surface
areas of the Stefan surfaces are practically identical,
and their change is defined by the tensor & belonging to
O (Fig. 1).

Only a single intensive parameter can be derived from
the deformations as well, which is related to the work
due to expansion of the interfacial layer:

V(,np(Q)

0
/ ‘PT(Q)
o

The integral y, 4(Q) is a scalar quantity that is every-
where positive, but its value depends on the position of

Oy
— Py(0,)|dt+ / 1Pr(0) — Py (0y)|dx
0

Fig. 1 Schematic representation of the phase boundary

0 (04.0y). Qp and Qy are the corresponding points of
the bulk boundaries.

A system of volume V, containing a number s of
different interfacial layers (each with a surface area A
and thickness 7) can be constructed by a continuous
deformation starting from the corresponding reference
states with a surface area AO If only interactions
affecting the state of the {... } interfacial layers may
occur, resulting in a change of the surface area A4;(Q) =
[4,(0) — 42(0Q)], then the change in elastic potential,
1.e. the work of deformation, is

{6 b -} =

e s

where k is the number of interactions, and i represents
the coordinates x,y,z. For conservation of the indepen-
dent deformation quantities

///siidV:const.
4

Thus, if only internal changes take place, the volume is
equal to that of the reference state, i.e. mean deforma-
tions necessarily vanish. y4,(Q) can also be expressed
with the potentials. The integral y4,(Q)=7y(z) vanishes
if Q= Q7 satisfies the following condition:

(3)

(0)] = extr.!

% (2) = 2u(0) — <u5 + u;f) ~0.

Also

Toe) =2(Zuer)) =2ffen]z0

02" ) .~ “\ex -
since the internal forces within the layer never vanish.
The function 7y4z) exhibits a minimum. The surface
density of the elastic potential for a heterogeneous sys-
tem with a single homogeneous surface can be expressed
as

dEel - dEel
= 40
dAA ov dA ov

= y(pl,b (2)7
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which is also a minimum, since homogeneity results in
proportionality. Although y,(Q) is an extremum only
when Q= Q°, even so it is paradoxically compatible with
the function E,;. Eq 3 contains the product of yW(Q)
and AAA(Q) which is mdependent of the actual position
of O in each layer, owing to the additivity of the
extensive parameters:

Yoy (Q)-A45(Q) = const.

(this is the local invariance). AA/(Q) changes with Q as
well (the conjugated quantities refer to the same sur-
face), and it follows that all products corresponding to
0, e.g. that belonging to Q°, can be accommodated in
the formula. The Stefan surface, which contains the
extremum point, is by definition equal to the tension
surface s, 57,y of the interfacial layer, since it divides
the so-called half-layer regions of the layer.

The surface tension 74y of the layer s4, can be de-
fined according to the extremum behaviour of the elastic
potential,

hm Voy(Q) = min !

’y(plb (4)
Accomodating Eq. 4 into Eq. 3, the generalized Curie
equation is obtained.

The surface tension is the sum of the exclusively
positive partial quantities, the so called half-layer
surface tensions. These tensions have a symmetrical
algebraic structure. These physical quantities have a
hybrid nature, containing parameters of both bulk
and layer phases, and giving the excess energy of the
half-layer compared to the bulk phase of identical
volume.

Based on the definition in Eq. 4, the alternative
measurement instructions for the experimental determi-
nation can be given. The unit function ¢(Q)=1 can be
integrated throughout the whole layer, while the Stefan
quantity is monotonic and limited. For the half-layer s,
(¢y)» according to the du Bois-Reymond mean value
principle [38], the integral of the product of the two
functions is

o 0. 0,
/ |”(Q) —u(Qy) | dv = S,(0,) / dr—|—S(/,(Q")/
0, O O

= |M(Q0) - M(Q(p)| '@a

since the Stefan quantity disappears along the surface
(Q¢ lies between Q, and Q7). The length Q:0° = rj}f(’; v
is the effective thickness of the half layer sggy)
(an analogous formula can be obtained for the other half
layer, although the effective thickness may be different).
Owing to the extremum, the potential u(Q°) is equal

to the arithmetic mean of the bulk phase potentials

(Stefan’s Law ;39]). The effective thickness of the
whole layer, rff- is the sum of the half layer thick-
nesses. After an identical transformation it can also be
given as

1 e
Yo = 5 1(Q) = u(Qy)| - 751

At the same time, the deviation of the bulk potentials
can also be expressed by the layer-forces. If a curve L in
the layer s4, runs parallel to the normal of the Stefan-
surface, then the last equation can be written as

2(%) - /fdr - /der
(5)

9y 9

where f is the normal projection of the force, and 7 is
the position vector. Thus, the interfacial quantities y4,
and 197 and their ratio are determined by the integral of
the force, i.e. the potential distribution functions of the
adjoining bulk phases, instead of the layer forces. As
force is a vector, crystal lattices with different Miller
indices have different projections, and hence different
effective layer thicknesses and surface tensions. Para-
doxically, a direct relationship exists between the bulk
potentials and the layer quantities.

The extensive - intensive character of the capillary
variables and their tensor order can be directly derived
from Eq. 5. All of them are deduced quantities. Their
values for a given pair of phases are defined by the
relations for the independent fundamental variables,
i.e. the values of the so called dimensional equations.
Such state quantities may be the empirical surface
tension formulae [40], electric polarizability, magnetic
susceptibility, compressibility, the Sugden-parachor,
critical data, etc. As traditional capillarity theory con-
tains no dimensional equations, the numerical values of
the variables cannot be determined. Consequently, the
traditional methods of capillarity theory are incom-
plete, and have to be implemented by the fundamental
quantities and the dimensional equations of the vari-
ables.

Equation 5 contains the absolute value of the
bulk potential difference of the adjacent phases (¢p;i).
This is an ab initio positive function of the indi-
vidual fundamental variables of the bulk potentials,
{-eos@pXiseri3esyXin-.. ;. Thus, the alternative expressions for
the surface quantities implicitly contain the variables
of the bulk phase. The dimensional equations can be
created with their identical transformation.

The collective capillary variables can be obtained
from dimensional analysis. These variables depend
symmetrically on the exclusively positive individual
physical quantities of the adjoining phases.
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The general dimensional equation and the
individual phase parameters

In a consistent system of measurements between the { X}
numerical values of a physical quantity X and its unit
[X], in linear coordination the relationship X'= {X}[X]
exists as well as their reciprocal relationship.

Based on the reciprocal relationship, in a system of
measurements, a derived physical quantity S can be gi-
ven as

(X} =70 {xt ),

and in a system S that is consistent with S,

(X'} :f({x}) = (. ddxid, ) = A{X).

The positive values of 4 or {....,4,....} depend on the
units of the systems S and S°, respectively. The rela-
tionship holds for values relating to a physical system, w
or Q as well. Therefore,

q:fa,(...Jv,-x,-,...) :fQ(...,/ll'.Xh...) -
fw(...,x[,...) fg(...,xi,...) '

The ratio ¢ =24 depends on the quantities {....,4;....}, but
is independent of the specific choice of chemical system.
The systems S and S” may coincide. In this special case
the numerical values {....,4,....} are equal to unity. If
both the function f of this quantity and all the x; may
take only positive values, then

0 o 1 (9f(...,/1,-xi,...) )
(a_xiq>‘f<...,xl~,...>' o)

_3lnf(...,x,-,...)
N 811’1()61‘)

:Vi

must be satisfied, based on the logarithmic identity. The
derivative v; therefore depends only on the interactions
represented by the physical quantities x;. The total
derivative of the function X =f{...,x,,...) is

dinX = Z <8€l)nf> dx; = Z (g]l:llf) dInx;
Xi o Xi %

i i

= Z vidInx; =dIn <Hxl"> ,

and, owing to the positivity, the integral of X is

X =TT = [Tk
i i

if the integration constant is equal to 0.

This is the general dimensional equation (Wallot-
formula). According to the last equation, the derived
physical quantity, X, which is always positive, can be
expressed as a power law function of the fundamental

quantities of the independent partial interactions, x;.
The set of variables algebraically form an Abelian group
[41, 42, 43]. The relationship is valid for both the
numerical values and the units.

From the general Wallot formula, the special rela-
tionship

o= { Tl ol W Il | =1

is also valid for those collective physical quantities of the
interfacial layers (K), which are the symmetric functions
of the relevant variables of the adjoining phases,
{ieosgXppeo b and {....,;X;....}, respectively. They can be
separated and contracted into a single variable in each
phase. Therefore, in the surface interaction the phases
{¢;¥} can each be characterized by a single individual
variable expressing the total effect of the partial inter-
actions [37, 38].

According to Eq. 6, all the collective surface variables
are derived quantities. Based on the dimensional equa-
tion, a function @ exists between the given quantity and
the numerous independent scalar fundamental variables
{.....x4....}. Thus, the material parameters depend only
on their own bulk phase. Therefore, they represent the
contribution of the singular phases to the ‘“‘surface
interaction”. If

(o Y el ia YU Ui )

for the indices, i.e., the partial groups of parameters are
identical to the symmetrical fundamental quantities
((,waalw) = aK(le"" then

(6)

Kob = (ol o) - (Lo 1y) = (K)o (Kow) ()
i.e. Eq. 6 may be generalized for the variables of the
partial groups as well.

The corresponding variables (K, as well as [, and
I,) of the unified and the partial interactions separately
span a hyperbolic paraboloid. Eq. 6 is identical to a
Coulomb-type force function. From Eq. 6 and Eq. 7 it
follows that it is unnecessary to identify the individual
bulk quantities belonging to the collective surface
quantities of the adjoining phases, if their combined
value, the power product I can be determined for each
phase, e.g. from experimental data (from surface ten-
sion of pairs of fluid phases, from adsorption iso-
therms, etc.).

The individual bulk phase properties determining the
state of the phase boundary layers can be obtained from
Eq. 5. The potential difference in Eq. 5 can be expressed
from Eq. 6 and Eq. 7, and hence from the separate
individual contributions of the phases {g,; ¢y}, as

0 0
Uy — Uy | = doqy-
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At the same time, the potential difference governs
the ratio of the surface tension to the effective layer

thickness, i.e. the ratio (yw / rfpfl/{) is equal to the prod-

uct of the ratios of the individual phase contributions. If the
individual contribution of the bulk phases are the following:

for y4, are y4 and s and for rpfi are rf;ﬂ and rff then
Eq. 5 can also be given by the symmetrical express1on

— Lo Ly
vo=(25) ()
[ w

By exchanging the phase indices, the equation is self-
transformed; i.e. the parameters characterize the bulk
phases.

The expression

(f g) 0

defined for the single bulk phases ® = {¢;/} and having
only eigen contributions of positive value, can be uni-
formly generalized for each of all the phases.

Among the parameters {y,74° ,q(/,} of the surface
interaction, only two are independent, but the values of
all three depend on the properties of the same bulk
phase. The variables individually characterize the
interacting phases (individual or material parameters).
The variables y,,,, t wf‘/’: Vour Ty and |u,~uy| charac-
terize the resultant layer, and thus depend on each
adjoining phase. They are the collective state parame-
ters. The latter are determined by variables that are
positive in the whole range and, by algebraic relation-
ship, identical for all the possible layers. Thus, the
collective quantities can be given by formulae
containing either the hybrid variables or only the bulk
phase quantities.

The essential parameters determining the state of the
interfacial layers are the cardinal physical quantities of
the individual description. Their value depends exclu-
sively on the state (and structure) of the bulk phase and,
therefore, each phase can be characterized by a single
value.

Discussion

The collective representation of the classical capillarity
relations can also be expressed by individual variables
corresponding to the individual contributions of the
interacting phases, based on the dimensional theory. The
collective and the individual representations describe the
same state of the system, but with variables of different
meaning and number.

The number of capillary quantities describing the
state depends on the type of representation. Let us

consider an equilibrium system with n phases. There is
an interface belonging to each phase pair of this equi-
librium system. In the representation based on the col-
lective variables the quantities are the surface tensions.
In a system containing s phases and s layers, the number
of surface tensions can be given as

=(5)=m

where #>2. In the individual representation we need only
n material tension parameters. This results in a smaller
number of parameters if the number of phases is not less
than four. The advantage of the individual representa-
tion is that all the quantities, unlike the collective ones,
can be directly derived from measured data. If a phase of
given properties participates in several equilibrium
states, its parameter is perforce identical, and its value
can therefore be determined by studying any of the
corresponding systems.

The tension parameters determining the surface ten-
sion in an equilibrium ternary liquid system can be de-
rived from the data of the three liquids as

712
X3 =/ 713
\/st

The tension parameters of the vapour phase can be
derived from the surface tension of the open surface and
the tension parameter of the liquid phase:

_ vk _ Vv
AL 1L

Table 1 contains parameters calculated according to
these equations. However, fluid parameters can also be
derived in other ways.

The tension parameters of a solid phase can be cal-
culated from Young’s equation,

7172
X2 73

1=

v

YLy
v — XL

Is = cos 0

?

if the tension parameters of the fluid phases and the
contact angle are known. The parameters can be deter-
mined at least in one way. Thus, the data of a phase in
any state of matter is theoretically available. The layer
thickness and the potential parameters can be deduced
from the tension parameters. Owing to the availability of
the parameters, the algebraic uncertainty experienced in
the individual representation (e.g. in Young’s equation)
can be eliminated. Thus, when Eq. 6 is applied, the
surface tension of the solid surface can be determined
easily.

However, Eq. 6, unlike the reciprocal relationship, is
valid only for a special set of the state properties, M:

{X;.xi,...} EM
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Table 1 Calculated y and yv

parameters Liquid 7 Lv VL, water YL, Hg XL 12 xXv >
mN/m mN/m mN/m (mN/m)"/ (mN/m)"/=
Hexane 19.50 51.20 380.0 7.1615 2.7228
Heptane 20.30 50.70 377.0 7.1049 2.8571
Octane 21.70 50.90 375.0 7.0673 3.0704
Nonane 22.90 - 372.5 7.0201 3.2620
Decane 23.90 51.20 - 7.1493 3.3429
Dodecane 25.44 - - 7.3867 3.4440
Tetradecane 26.55 - - 7.2889 3.6425
Hexadecane 27.76 - - 7.5082 3.6972
Cyclohexane 24.70 51.00 378.0 7.1238 3.4672
Cis-decaline 31.65 51.80 - 7.2331 4.3757
Trans-decaline 29.50 51.40 - 7.1472 4.1274
Benzene 28.40 33.70 366.0 6.8976 4.1173
Toluene 29.30 35.70 357.0 6.7280 4.3543
0-Xylene 29.76 - 359.0 6.7657 4.3986
m-Xylene 28.47 - 357.0 6.7280 4.2315
p-Xylene 28.01 - 361.0 6.8034 4.1170
Dichloromethane 27.20 - 343.0 6.4642 4.2077
1,1-Dichloroethane 24.07 - 337.0 6.3511 3.7898
1,2-Dichloroethane 30.10 - 358.0 6.7469 4.4613
1,2-Dibromoethane 39.55 - 346.0 6.5207 6.0632
Chloroform 26.30 32.30 357.0 6.7280 3.9090
Carbon tetrachloride 28.80 45.00 359.0 6.7657 4.2567
1,1,2,2-Tetrabromo-methane - - 293.0 5.5219 9.0004
Chlorobenzene 33.20 38.10 352.0 6.6338 5.0046
Bromobenzene 37.00 39.30 350.0 6.5961 5.6093
Methyl iodide 30.34 - 304.0 5.7292 5.2956
Ethyl iodide 28.10 - 322.0 6.0684 4.6305
Nitrobenzene 43.70 25.50 350.0 6.5961 6.6251
Aniline 43.50 5.80 341.0 6.4265 6.7688
Methanol 22.50 - 384.0 7.2369 3.1090
Ethanol 22.30 - 383.0 7.2180 3.0894
Propanol 23.70 - 378.0 7.1426 3.3180
Butanol 24.50 - 378.0 7.1238 3.4391
Iso-butanol 23.40 - 343.0 6.4642 3.6199
Octanol 27.10 8.50 353.0 6.6526 4.0735
Ethyl-mercaptane - 25.50 314.0 5.9176 3.9204
Acetic acid 27.50 - 329.0 6.2003 4.4352
Valeric acid 26.90 - 330.0 6.2192 4.3253
Methyl-acetate 25.70 - 388.0 7.3123 3.5146
Ethyl-acetate 24.80 - 384.0 7.2369 3.4268
Propyl-acetate - - 380.0 7.1615 3.3512
Butyl-acetate - - 375.0 7.0673 3.5657
Acetone 23.30 - 369.0 6.9542 3.3504
Dioxane 33.00 - 377.0 7.1049 4.6446
Water 72.40 - 380.0 7.1615 10.1096
Mercury 480.00 380.00 - 53.0612 9.0461

which are the symmetrical functions of the variables of
the bulk phase satisfying the criteria of positivity.

The states of the surface layers in a heterogeneous
system are, by definition, not independent of their own
properties. The equations only state that these values
can also be expressed by the individual fundamental
quantities of the bulk phases. However, it is possible
only if the structure is physically similar and if the
physico-chemical properties of adjoining phases affect
only the geometrical size of the layer. Therefore, the
restrictions imposed by Eq. 6 are not optional but nec-
essary conditions to be fulfilled.

The individual quantities can always be defined for the
conservative character of the internal forces. Capillary
theory can be expanded by introducing individual vari-
ables belonging to the collective quantities and by inclu-
sion of Eq. 6. The exercise cannot be complete without
taking into consideration the surface excess quantities.
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